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Abstract
In this paper, we investigate the performance of a dual-hop multiple-input multiple-output (MIMO) amplify-
and-forward (AF) relay network, where the source, relay and destination are all equipped with multiple antennas.
By using maximal-ratio-transmission (MRT) and maximal-ratio combining (MRC) at the transmitter and receiver,
respectively, we first obtain the output signal-to-interference-plus-noise ratio (SINR) of the dual-hop AF relay system
with multiple co-channel interferences (CCIs) and noise at the relay. Then, we derive exact closed-form expression
for the outage probability (OP), and the asymptotic result of average symbol error rate (SER) at high SNR. Finally,
computer simulations are provided to validate the performance analysis. Our new analytical expressions not only
provide a fast and efficient method to evaluate the system performance, but also enable us to gain valuable insights
into the effects of key parameters on the MIMO AF relaying benefit from implementing multiple antennas at each
of the three nodes.
Index Terms
amplify-and-forward relaying, multiple-input multiple-output, dual-hop system, co-channel inteferences, outage
probability, symbol error rate.
I. INTRODUCTION
Multiple-input multiple-output (MIMO) with multiple antennas at both ends of a communication link is considered
as a privileged means to enhance the spectral efficiency and improve the reliability of wireless systems [1]. Parallel
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2to the well-known MIMO technology, wireless relaying is another efficient approach to improve the performance
and extend the coverage of communication networks [2]. Therefore, the huge potential of achieving the benefits of
both MIMO technology and relay transmission has attracted a great deal of research interest in the MIMO relaying
schemes, which have also been included in the standards for future wireless communication systems [3]. Among
the various relaying protocols, amplify-and-forward (AF) is of particular interest due to its simplicity and low
implementation cost. When perfect channel state information (CSI) is available, the performance of beamforming
(BF) in MIMO AF relaying has been well investigated in the open literatures [4]-[6].
While the aforementioned works have provided valuable insights into the benefits and performance of AF relaying
with BF, a key feature of wireless communication systems, namely, co-channel interference (CCI), is unfortunately
ignored therein. In practice, CCIs due to frequency reuse often severely degrade the system performance of cellular
networks. Therefore, the study on dual-hop AF relay networks with interferences has received significant interest
recently. In [7], the authors have derived the outage probability (OP) of a dual-hop fixed-gain AF relaying with
interference-limited destination, while the authors of [8] have addressed the scenario of variable-gain protocol
and interference-limited relay. Later, the authors of [9] have investigated the performance of fixed-gain dual-hop
systems with a Rician interferer. The authors in [10] have investigated the performance of dual-hop CSI-assisted
AF relaying systems over Nakagami-m fading channels in the presence of multiple interferers at the relay. A
generalized framework for the ergodic capacity analysis of dual-hop fixed-gain AF relaying systems in the presence
of interference is presented in [11], where the new expressions for the ergodic capacity are derived over independent
but not necessarily identically distributed Nakagami-m fading channels in the presence of a finite number of CCIs.
In these works, however, the source, relay and destination are each constrained to a single antenna, and thus the
reported analysis results are not applicable to a general case of having multiple antennas as desired in practical
network deployments. Under this consideration, based on the assumption of interference-limited system, the authors
of [12]-[16] have examined the joint effect of BF and CCI on the dual-hop multi-antenna relaying. More recently,
by assuming that the relay is corrupted by a single dominant interferer and noise while the destination is subjected
to the noise only, the authors of [17] have analyzed the outage performance of a dual-hop fixed-gain relay system
with multiple antennas, which has been extended to both fixed-gain and variable-gain relaying in [18]. In [19], the
authors have proposed three relay precoding schemes for a dual-hop system with only relay having multiple antennas,
and derived exact outage expressions as well as simple high signal-to-noise ratio (SNR) outage approximations.
Furthermore, the ergodic capacity of a dual-hop AF relaying system where the relay is equipped with multiple
antennas and subject to CCI and additive white Gaussian noise (AWGN) is analyzed in [20], and the three precoding
schemes in [19] have been considered in [20]. The performance analysis of multiuser multiple antenna amplify-
and-forward relaying networks employing opportunistic scheduling with feedback delay and CCI over Rayleigh
fading channels is presented in [21]. However, it should be pointed out that the common weakness of the prior
works is that they limit their analysis to the case where only one of the nodes is equipped with multiple antennas
for mathematical tractability. Hence, the joint effects of multiple antennas at each node and multiple CCIs at the
relay on the dual-hop AF relaying remain unknown. This observation motivates the work presented in this paper.
3The main objective of this paper is to analyze the performance of a dual-hop MIMO AF relay system in the
presence of interferences as well as noise. By considering a general case where each of the source, relay and
destination nodes is equipped with multiple antennas and applying the maximum-ratio-transmission (MRT) and
maximum-ratio combining (MRC) at the transmitter and receiver, respectively, we first obtain the output signal-
to-interference-plus-noise ratio (SINR) of the MIMO AF relay system with multiple CCIs and noise at the relay.
Then, we derive the exact closed-form OP expression and the asymptotic average SER at high SNR to reveal the
array gain and diversity order of the dual-hop variable-gain AF relaying. It is of interest to note that our new
analytical results contain part of the work in [4] as a special case when the interferences are ignored. It is also
worth-mentioning the differences of our work from the work in [18]. First, by assuming that each node is equipped
with a number of antennas, we obtain a unified model of MIMO AF relaying rather than the three scenarios as
considered in [18], each corresponding to the case of multiple antennas at one of the three nodes only. Second, the
relay is corrupted by multiple interferences in our work, whereas the relay node is subjected to a single dominant
interferer in [18]. Thirdly, single integrals are involved for the analytical OP of the variable-gain relaying in [18],
but a closed-form OP expression of variable-gain relaying is yielded in our paper. Finally, only OP is investigated in
[18], and asymptotic average SER is included in our work. The new analytical expressions can not only provide fast
and efficient approaches to evaluate the performance of the system, but also help us to understand the joint effects
of key parameters on the performance of the dual-hop AF relaying system, as well as the benefit of implementing
multiple antennas.
The rest of the paper is organized as follows. In Section II, we describe the system model, and derive the output
SINR of the MIMO AF relay networks with multiple CCIs and noise at the relay. In Section III, we analyze the
OP of variable-gain relaying in a closed-form. In Section IV, we derive the asymptotic average SER. Section V
provides computer simulations to confirm the validity of the analytical result and examine the key parameters on
the dual-hop AF system. Finally, Section VI draws the conclusion of our work in this paper.
Notations: Bold faced letters represent vectors or matrices, ()H the Hermitian transpose, () the complex
conjugate, and E [] the expectation. exp () denotes the exponential function, j  j the absolute value, k  kF
the Frobenius norm. @c(m;2) stands for a complex Gaussian distribution with mean m and variance 2, and
min fa; bg for the minimum of a and b. diag

a1; a2;    ; aN

represents an N N diagonal matrix with
a1; a2;    ; aN as its diagonal elements.
II. SYSTEM MODEL
We consider a dual-hop MIMO AF relay network with Ns antennas at the source S, Nr antennas at the relay
R, and Nd antennas at the destination D, where the direct link between S and D is unavailable due to severe
shadowing. The total communication from S to D via R takes place in two time slots. In the first time slot,
the source performs BF with ws and transmits the signal xs (t) with E
h
jxs (t)j2
i
= 1 to the relay through the
Rayleigh fading channel Hrs (Nr Ns). Meanwhile, the relay is also corrupted by N CCIs fxi (t)gNi=1 obeying
E
h
jxi (t)j2
i
= 1. After adopting receive BF with wrs, the output signal at R can be written as
4yr (t) = w
H
rs
 
Hrsws
p
Psxs (t) +
NX
i=1
hi
p
Pixi (t) + nr (t)
!
(1)
where Ps is the transmit power of the source, hi the Nr  1 channel vector from the i  th CCI to the relay, and
Pi the transmit power of the i  th interferer. In the second time slot, the relay first amplifies yr (t) with a gain G,
and forwards it to the destination through the Rayleigh fading channel matrix Hdr (Nd Nr). Accordingly, after
performing BF, the output signal at D can be written as
yd (t) = w
H
d (HdrwdrGyr (t) + nd (t)) (2)
where wdr and wd are the BF weight vector of transmitter at R and that of receiver at D, respectively. Without loss
of generality, in this paper, we assume that all channels, namely, Hrs, Hdr and hi (i = 1; 2; : : : ; N) are subject
to Rayleigh fading distribution, whose components are independent and identically distributed (i.i.d.) satisfying
@c(0; 1). Meanwhile, nr (t) and nd (t) are vectors of AWGN with their components obeying @c(0; 2r) and @c(0; 2d),
respectively.
After some mathematical manipulations, the output SINR at the destination can be written as
 =
PsG
2
wHd Hdrwdr2 wHrsHrsws2
G2
wHd Hdrwdr2 NP
i=1
Pi jwHrshij2 + 2r

+ 2d
(3)
It is worth-mentioning that an SINR expression similar to (3) has been obtained in several prior works [4], [5],
[18]. However, it was derived only for certain special scenarios, namely, the case of no interference existing [4],
the case of no interference and channel errors [5] and the case of only one of the three nodes employing multiple
antennas [18]. As such, our work extends the previous system models to a more general case.
By assuming that perfect CSIs are available for both S R and R D links at the corresponding node, a MIMO
BF scheme with MRT at the transmitter and MRC at the receiver can be applied to enhance the output signal power
[4] [5]. Thus, the instantaneous end-to-end SINR at D can be written as
 =
PsG
2dr;1rs;1
G2dr;1

NP
i=1
Pi
uHrs;1hi2 + 2r+ 2d (4)
where rs;1 and dr;1 are the largest eigenvalues of H
H
rsHrs and H
H
drHdr, respectively.
In the MIMO AF relaying systems, the instantaneous CSI of the first hop is often assumed to be available at the
relay, thus the gain G is given by [18]
G2 =
Pr
Psrs;1 +
NP
i=1
Pi
uHrs;1hi2 + 2r (5)
and the output SINR in (4) can be further expressed as
 =
Ps
2r
rs;1
Pr
2d
dr;1
Ps
2r
rs;1 +

Pr
2d
dr;1 + 1
 NP
i=1
Pi
2r
&i + 1
 = 
+ ( + 1) ( + 1)
(6)
5where  = srs;1,  = rdr;1,  =
NP
i=1
i&i and &i =
uHrs;1hi2 with s = Ps2r , r = Pr2d, i = Pi2r
being the SNRs of the source, relay and interference-to-noise ratio (INR) of the i  th interferer.
Based on (6), we will derive the exact closed-form OP expression and asymptotic average SER of the MIMO
AF transmission with variable-gain relaying protocol in the following sections.
III. OUTAGE PROBABILITY
The OP of the relay network is defined as the probability that the end-to-end output SINR  drops below an
acceptable threshold th, namely,
Pout = Pr (  th) = F (th) (7)
where F (z) denotes the CDF of , which can then be calculated as
F (z) = Pr
n

+(+1)(+1) < z
o
= Pr f(   z) < z [(1 + ) (1 + )]g
= Pr
n
 > z +1 z ( + 1) ;    z  0
o
+ Pr
n
 < z +1 z ( + 1) ;    z > 0
o
= Pr f  zg+ Pr
n
 < z +1 z ( + 1) ;    z > 0
o
= F (z) +
1Z
z
1Z
0
F

z
x+ 1
x  z y

f+1 (y) dy| {z }
I1
f (x) dx
| {z }
I2
(8)
Theorem 1: The closed-form CDF expression of  can be derived as
F (z) = 1 
NrsP
p=1
(Nr+Ns)p 2p2P
q=jNr Nsj
qP
t=0
wP
r=1
mrP
s=1
s 1P
j=0
NdrP
u=1
(Nd+Nr)u 2u2P
v=jNd Nrj
tP
k=0
j+1P
l=0
vP
n=0
Ckt C
l
j+1C
n
v
du;v
v!

u
r
v+1
rs
(s 1)!
sr
Cjs 1 ( 1)s j 1 exp

1

r

dp;q
t!

p
s
t
(t+ j)! (s
r)
t+j+1 zt
(pz
r+s)
t+j+v+2 exp

uz
r
p
r s
pz
r+s

[s (z + 1)]
t k
 [ pz (1 + 
rz)]j l+1 [ z (p
r   s)]v n g

pz
r (z + 1) ;
u
r(pz
r+s)
; k + l + n  t  j   1

(9)
where g (; ; n) is given by
g (; ; n) =
8>><>>:
exp ( )
nP
k=0
n!
k!
k
n k+1 (n  0)
( 1)n
n+1
Ei( )
( n 1)! + exp ( )n+1
 n 2P
k=0
( )k ( n 1)!( n k 2)! (n < 0)
(10)
and Ei (x) is the exponential integral function [22].
Proof : See Appendix A.
By replacing z with th in (9), the OP of the considered MIMO AF variable-gain relaying can be directly
calculated.
Remark 1: A similar OP expression has been derived in [8, Eq. (12)] by neglecting the noise at the relay and
assuming that each node has a single antenna only. For the scenario of multi-antenna relaying without interference,
an analytical expression of outage probability has also been obtained in [4, Eq. (10)]. By considering that only
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three formulas, namely, [18, Eq. (7)], [18, Eq. (17)] and [18, Eq. (31)] have been presented to calculate the OP
of the variable-gain AF relaying. However, due to the existence of one-fold integral, the method in [18] requires a
very complicated mathematical treatment to achieve the solution. On the contrary, here we derive the closed-form
expression containing only elementary functions to efficiently evaluate the outage performance of a variable-gain
AF relaying, where three nodes are each equipped with multiple antennas, the relay is impaired by multiple CCIs,
and both the relay and destination are affected by the noise.
IV. ASYMPTOTIC AVERAGE SER
To reveal the array gain and diversity order of the MIMO AF relaying, we will investigate the asymptotic behavior
at high SNR in this section. The average SER of a wireless system with various modulation formats over AWGN
channel is given by
Ps = aE
h
Q
p
2b
i
=
a
2
r
b

1Z
0
exp ( bu)p
u
F (u) du (11)
where a and b are the parameters specified by the modulations. To derive the asymptotic average SER, we first
express the upper bound of  as [21]
 =

+ ( + 1) ( + 1)
 min


 + 1
; 

= up (12)
By letting " = +1 , the CDF of up is given by
Fup (z) = 1  [1  F" (z)]

1  F (z)

= F" (z) + F (z)  F" (z)F (z) (13)
where the CDF of " can be denoted as
F" (z) = Pr


 + 1
 z

= Pr f  z ( + 1)g =
1Z
0
F [z (x+ 1)] f (x) dx (14)
Due to the fact that the CDF of  can be approximated as [23]
F (x) 
 Nrs (Nrs)
 Nrs (Ns +Nr)

x
s
NsNr
(15)
where Nrs = min fNs; Nrg,  n (m) =
nQ
i=1
  (m  i+ 1) with   () being the Gamma function. Note that &i =uHrs;1hi2 is a chi-square distributed random variable with two degrees of freedom and 1/2 variance, the moment
generating function (MGF) of  =
NP
i=1
i&i can be derived as
	 () = E [exp ( )] =
NY
i=1
E&i [exp ( i&i)] =
1Z
0
exp ( ix) exp ( x) dx =
NY
i=1
1
1 + i
(16)
where 
1, 
2, ..., 
w as the distinct values of figNi=1 with multiplicities m1, m2, ..., mw, satisfying
wP
r=1
mr = N .
By using partial fraction expansion, the MGF of  can be rewritten as
	 () =
wX
r=1
mrX
s=1
rs
(1 + 
r)
s (17)
7where the coefficient rs is given by
rs =
1
(mr   s)!
mr sr
@mr s
@
mr s

[(1 + 
r)
mr 	 ()]

= 1/
r
(18)
Finally, the PDF of  can be calculated as
f (x) =
wX
r=1
mrX
s=1
rs
(s  1)!
sr
xs 1 exp

  x

r

(19)
Substituting (15) and (19) into (14), we have the approximate F" (z) as
F" (z) 
 Nrs
(Nrs)
 Nrs
(Ns+Nr)

z
s
NsNr wP
r=1
mrP
s=1
rs

sr
1
(s 1)!
1R
0
(x+ 1)
NsNr xs 1 exp

  x
r

dx
=
 Nrs
(Nrs)
 Nrs
(Ns+Nr)
wP
r=1
mrP
s=1
rs

sr
	

s;NsNr + s+ 1;
1

r

z
s
NsNr (20)
In deriving (20), we have used [22, Eq. (9.211.4)] to solve the integral term. Similarly, the CDF of  can be
approximated as [23]
F (x) 
 Ndr
(Ndr)
 Ndr
(Nr +Nd)

x
r
NrNd
(21)
where Ndr = min fNr; Ndg, By taking (20) and (21) into (13), and let r = s, the asymptotic Fup (z) in the
high SNR regime, namely s !1, can be derived as
Fup (z) 
8>>>>>><>>>>>>:
 Nrs
(Nrs)
 Nrs
(Ns+Nr)
wP
r=1
mrP
s=1
rs

sr
	

s;NsNr + s+ 1;
1

r

z
s
NsNr
Ns < Nd
 Nrs
(Nrs)
 Nrs
(Ns+Nr)

wP
r=1
mrP
s=1
rs

sr
	

s;NsNr + s+ 1;
1

r

+ 1
NsNr

z
s
NsNr
Ns = Nd
 N
dr
(Ndr)
 N
dr
(Nr+Nd)
NrNd

x
r
NrNd
Ns > Nd
(22)
By substituting (22) into (11), the average SER at high SNR can be obtained as [24]
P1s  (Gas) Gd (23)
where the diversity order Gd and array gain Ga can be, respectively, expressed as
Gd = min fNs; Ndg Nr (24)
Ga =
8>>>>>>>><>>>>>>>>:

a
2
q
b

 Nrs
(Nrs)
 Nrs
(Ns+Nr)
wP
r=1
mrP
s=1
rs

sr
	

s;NsNr + s+ 1;
1

r

 (NsNr+1/2)
bNsNr+1/2
  1NsNr
Ns < Nd
a
2
q
b

 Nrs
(Nrs)
 Nrs
(Ns+Nr)

wP
r=1
mrP
s=1
rs

sr
	

s;NsNr + s+ 1;
1

r

+ 1
NsNr

 (NsNr+1/2)
bNsNr+1/2
  1NsNr
Ns = Nd
a
2
q
b

 N
dr
(Ndr)
 N
dr
(Nr+Nd)
NrNd
 (NrNd+1/2)
bNrNd+1/2
  1NrNd
Ns > Nd
(25)
Remark 2: It is of interest to find that the existence of CCIs does not change the diversity order of the MIMO
AF relaying systems. However, the CCIs can reduce the array gain of the relaying networks, thus deteriorate the
system performance.
80 2 4 6 8 10 12 14 16 18 20
10−4
10−3
10−2
10−1
100
γ¯
O
ut
ag
e 
Pr
ob
ab
ili
ty
Monte Carlo simulation
Analytical result
Reference [18]
(1,1,6)
(6,1,1)
(2,2,4)
(1,6,1)
(4,2,2)
(2,4,2)
Fig. 1. OP of relaying networks with various antenna configurations
V. COMPUTER SIMULATION
In this section, we carry out computer simulations to demonstrate the validity of the derived closed-form expres-
sions, and investigate the effects of antenna configuration and power distribution among CCIs on the considered
AF relay network. In all the plots, the label (Ns; Nr; Nd) indicates the combination of the numbers of antennas at
the source, relay and destination, I =
NP
i=1
i is the total INR of the CCIs.
Firstly, we examine the impact of antenna configuration on the MIMO AF relay network. The threshold is chosen
as th = 0dB, and the relay is corrupted by one CCI with the INR being I = 10dB. The OPs of fixed-gain relaying
versus per hop SNR s = r =  with six antenna combinations, namely, (6; 1; 1), (1; 6; 1), (1; 1; 6), (4; 2; 2),
(2; 4; 2) and (2; 2; 4), whose total antenna number is fixed as 8, are plotted in Fig. 1. It is seen that the OP results
through Monte Carlo experiments are highly consistent with those calculated from the theoretical formula in (9),
implying that the derived closed-form expression accurately evaluates the OP performance of the MIMO AF relay
networks. Furthermore, for (6; 1; 1), (1; 6; 1) and (1; 1; 6), the analytical results of our method also agree well with
those through the theoretical formulas in [18], which confirm the correctness of our performance analysis again.
Our formulae are formed by elementary functions which can be calculated efficiently, while the formulae in [18] are
given in one-fold integral which requires complicated mathematical treatments to achieve the solution. Furthermore,
we can see the OP of (2; 4; 2) is better than that of (4; 2; 2) and (2; 2; 4). That is because each hop of (2; 4; 2)
has 8 links, while only the first hop of (4; 2; 2) and the second hop of (2; 2; 4) have 8 links, and thus (2; 4; 2) can
provide more diversity gain. In addition, the OP performance of (6; 1; 1) and (4; 2; 2) are better than that of (1; 1; 6)
and (2; 2; 4), respectively. It could be inferred from this phenomenon that the S   R hop has more impact on the
performance of the system than the R  D hop. This is due to CCIs existing at the receiver of the first hop, and
thus more links should be deployed to the first hop to resist CCIs.
Secondly, we investigate the effect of CCI on the OP performance of the relay network. The antenna configurations
are set to be (2; 2; 4) and (2; 4; 2), and the same simulation parameters as in the previous experiments are utilized.
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Here various scenarios of the CCIs are considered. They are, scenario I: single CCI; scenario II: three CCIs with
even power distribution as described by their INRs (1/3I ; 1/3I ; 1/3I); scenario III: three CCIs with non-even
power distribution as represented by three different INRs being (5/8I ; 1/4I ; 1/8I). In Fig. 2, we see that the
relay network decays to the worst performance with single CCI. As the number of CCIs increases, we have better
OP performance. We can infer from the phenomenon that constrained by the total power of CCIs, only one CCI is
the best way to jam the communication of the relay network. We then study the impact of power distribution among
the CCIs on the OP performance constrained by the same total INR. With the comparison of (1/3I ; 1/3I ; 1/3I)
and (5/8I ; 1/4I ; 1/8I), it can be seen from the figure that the system with equal power distribution among the
CCIs has the best OP performance due to the dispersing power of the CCIs.
Finally, the asymptotic average SER with various antenna configurations and CCIs are shown in Fig. 3. The
fact that the curves of the asymptotic average SER approaches the Monte Carlo simulation results at high SNR
demonstrate the validity of our asymptotic analysis. Meanwhile, We can see that the MIMO AF relay systems with
10
the same antenna configuration have the same diversity order, but different array gain due to the different power
distribution among CCIs. Moreover, it can be observed that the antenna configuration has significant effect on the
considered relay network. For example, the performance of (2; 4; 2) is better than that of (2; 2; 4), because the
diversity order of (2; 4; 2) is 8, while that of (2; 2; 4) is only 4.
VI. CONCLUSION
In this paper, we have studied the performance of a dual-hop MIMO AF relay network. We have considered
that both transmit and receive BF are performed in each hop to steer the transmitted signal along the maximum
eigenmode of the MIMO channel, and the relay is corrupted by multiple CCIs as well as noise. The exact closed-
form OP expression and asymptotic average SER for variable-gain relaying protocols have been derived. Computer
simulations have been conducted to demonstrate the validity of the analytical results, enabling us to gain valuable
insights into the effects of key parameters on the performance of the dual-hop AF relaying system, such as antenna
configuration and power distribution among CCIs, as well as the benefit of implementing multiple antennas.
APPENDIX A
PROOF OF THEOREM 1
The CDF of , namely, F (x) is given by [25]
F (x) = 1 
NrsX
p=1
(Nr+Ns)p 2p2X
q=jNr Nsj
dp;q exp

 px
s
 qX
t=0
pt
t!

x
s
t!
(26)
where the coefficient dp;q is dependent on the transmit-receive antenna combinations [25]. By using (19), the PDF
f+1 (y) of  + 1 is given by
f+1 (y) = f (y   1) =
wX
r=1
mrX
s=1
s 1X
j=0
rs
(s  1)!
sr
Cjs 1 ( 1)s j 1 exp

1

r

yj exp

  y

r

(27)
Thus I1 in (8) can be rewritten as
I1 = 1 
NrsP
p=1
(Nr+Ns)p 2p2P
q=jNr Nsj
qP
t=0
wP
r=1
mrP
s=1
s 1P
j=0
rs
(s 1)!
srC
j
s 1 ( 1)s j 1 exp

1

r

dp;qt!

p
s
t
zt

x+1
x z
t 1R
0
yt+j exp
h
 

pz
s
x+1
x z +
1

r

y
i
dy
= 1 
NrsP
p=1
(Nr+Ns)p 2p2P
q=jNr Nsj
qP
t=0
wP
r=1
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s=1
s 1P
j=0
rs
(s 1)!
srC
j
s 1 ( 1)s j 1 exp

1

r

dp;qt!

p
s
t
zt

x+1
x z
t
(t+ j)!

pz
s
x+1
x z +
1

r
t+j+1
(28)
In deriving (28), we have applied [22, Eq. (3.351.3)]. Meanwhile, according to [25], we have the PDF of  as
f (x) =
NdrX
u=1
(Nd+Nr)u 2u2X
v=jNd Nrj
du;v
v!

u
r
v+1
xv exp

  u
r
x

(29)
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where the coefficient du;v can be calculated in [25]. By substituting (28) and (29) into (8), it is not difficult to
obtain I2 in (8) as
I2 = 1  F (z) 
NrsP
p=1
(Nr+Ns)p 2p2P
q=jNr Nsj
qP
t=0
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
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r x

dx
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(30)
With the change of variable w = pz
r (x+ 1) + s (x  z), I3 in (30) can be represented as
I3 =
(s
r)
t+j+1
(pz
r+s)
t+j+v+2 exp

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r
p
r s
pz
r+s


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dw
| {z }
I4
(31)
With the binomial expansion, I4 can be written as
I4 =
tP
k=0
j+1P
l=0
vP
n=0
Ckt C
l
j+1C
n
v [s (z + 1)]
t k
[ pz (1 + 
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dw
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(32)
where the integral g (; ; n) =
1R

xn exp ( x) dx can be calculated as (10), where the equations [22, Eq.
(3.351.2)] [22, Eq. (3.351.4)] has been utilized. Thus, I5 in (32) is given by
I5 = g

pz
r (z + 1) ;
u
r (pz
r + s)
; k + l + n  t  j   1

(33)
Now, substituting (33) into (32), substituting (32) into (31), substituting (31) into (30), and substituting (30) into
(8), we finally obtain the closed-form CDF expression of  as (9).
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